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Abst rac t - - In  this paper, the existence of nonoscillatory solutions of the first-order neutral delay 
differential equations with variable coefficients and delays are studied. Some new sufficient conditions 
are given. In particular, conditions given in this paper are weaker than those known, so the results in 
this paper have wide~ application than the existing ones. (~) 2005 Elsevier Ltd. All rights reserved. 
Keywords--Nonoscil latory solution, First-order, Neutral, Delay differential equation, Variable 
coefficients. 
In recent years, the literature on the theory of neutral delay differential equations has grown 
quickly. It is a field with interesting applications in real world life problems. In fact, the neutral 
delay differential equations appear in modelling of network containing lossless transmission line, in 
the study of vibrating masses attached to an elastic bar, as the Euler equation in some variational 
problems, theory of automatic ontrol and in neuromechanical systems in which inertia plays an 
important role [1-3]. 
In this paper, we will consider the following first-order neutral delay differential equations, 
d [x (t) + P (t) x (t - ~-)] + Q1 (t) x (t - (~1) - Q2 (t) x (t - a2) = O, (1) 
dt 
where 
PeC([to, c~),R), Te(O,c~), crl, ~2 e [0, c~ ) and Q1,Q2ee([to, C~),R+), (2) 
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and 
where 
/ ~ Q~ (s) ds < oo, i = 1, 2, 
d m r~ 
d-t Ix (t) + P (t) x (t - T)] + ~ A, (t) x (t - a,) - 
i= l i=m + l 
A, (t) x (t - = 0, 
P (t) e C ([to, c~), R),  T E (0, oc), c~i e [0, oo), 
A~ C C ([to, oo), R+) ,  i = 1, 2 . . . . .  n, 
f oo (s) < oo, = 1, 2 , . . . ,  n. A~ ds i 
Also, consider the neutral delay differential equation, 
d [x (t) + P (t) x (t - T)] + ~ Bi (t) x (t - a,) = 0, 
dt 







then (1) has nonoscillatory solution. 
2. THE MAIN  RESULTS 
THEOREM 1. Assume that (2) and (3) hold. If one of the following conditions holds, 
(a) 0<P( t ) _<p<l ,  (b) l<p<P( t )  <p0<cx~, 
(c) - l  < p _< P (t) _< 0, (d) -oo<p0_<P( t ) _<p<- l ,  
(11) 
P(t)EC([to, c~) ,R),  TE (0, c~), a, E [0, oo), and 
BieC([to,  c~) ,n) ,  i=1,  2, . . .  ,n, 
(7) 
IB , ( , ) I  ds< , i=  1 ,2 , . . . ,n .  
Recently, there have been a lot of papers concerning the oscillatory and nonoscillatory behavior 
of first-order neutral differential equations (see [4-14]). For the known results about oscillation 
and nonoscillation of (1), the condition, 
g (t) = Q1 (t) - Q2 (t - (71 q- Cr2) >_ 0, Crl >_ 62, (8) 
is essential. Furthermore, oscillatory results often need 
/~  H (t) dt = (9) oo, 
with an exception of the result in [13], and nonoscillatory results often require 
[~tH (t) dt < oo. (10) 
In this paper, some new sufficient conditions for the existence of nonoscillatory solutions of (1) 
without the requirement of condition (8) are presented. Furthermore, sufficient conditions for 
the existence of nonoscillatory solution of (4) and (6) are also given. 
Let m = max{T, ~1, a2}. By a solution of (1) ((4) or (6)), we mean a function x(t) ~ C([h - 
m, c~), R) for some tl _> to, such that x(t) + P(t)x(t - T) is continuously differentiable on [tl, oc) 
and (1) ((4) or (6)) is satisfied for t >__ tl. 
As is customary, a solution of (1), ((4) or (6)), is said to be oscillatory if it has arbitrarily large 
zeros. Otherwise the solution is said to be nonoscillatory. 
In the sequel, unless specified, when we write a functional inequality, we shall assume that it 
holds for all sufficiently large t. 
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THEOREM 2. Assume that (5) and one of the four conditions in (11) hold, then (4) has nonoscil- 
latory solution. 
THEOREM 3. Assume that (7) and one of the four conditions in (11) hold, then (6) has nonoscil- 
latory solution. 
If Q2 - 0, (c) and (d) of Theorem 1 become -1  < P(t)  -- p < 0 and P(t) ---- p < -1 ,  
respectively. Hence, Theorem 2 and Theorem 3 in [10] are the special cases of Theorem 1 of this 
paper. 
Moreover, if Q2 -- 0, Theorem 1 and 2 in [9] can be rewritten as the following Theorems A 
and B. 
THEOREM A. Assume that Q2(t) - 0, -P ( t )  • C([to,cc),R+), and -1  < P(t) < O. I[ (2) 
and (10) hold, then (1) has nonoscillatory solution. 
THEOREM B. Assume that Q2(t) =-- 0, P(t) =-- -1  and (2) is valid. Then, a necessary and 
sufficient condition that (1) has a bound positive solution is (10). 
It  is easy to know that when Q2(t) - 0, by choosing Condition (c), Theorem 1 improves 
Theorem A. When P(t) -= -1  and Q2(t) - 0, (10) is stronger than condition (3). That  is, 
P(t)  - -1  is a special case. 
PROOF OF  THEOREMS 1-3  
PROOF OF THEOREM 1. The proof of this theorem will be divided into four parts according to 
the four different conditions of P(t). 
PART I. 0 <_ P(t) < p < 1. By (2) and (3), we can choose tl > to sufficiently large, such that 
/~  M2 - a (12) e l  (s) ds < ~,  
oo Q2 (s) ds < a - pM2 - M1 (13) 
1 - -  M2 ' 
where M1 and M2 are positive constants, such that 
pM2 + MI < a < M2. (14) 
Let X be the set of all continuous and bounded functions on [to, c~) with the sup norm. Set 
A= fx E X : MI <_x(t) <_M2, t >_to}. 
Define a mapping T : A -~ X as follows 
{ a - e (t) x (t - ,-) + [Q1 (s) x (s - o l )  - Q~ (s) • (~ - o~)1 ds, (Tx) (t) = (Tx) (tl) , 
Clearly, Tx is continuous. For every x E A and t _> tl, by (12) we have 
f; ( r~)  (t) <__ ~ + 01 (s) M2 ds _< M2. 
In view of (13), we have 
t>_tl, 
to <__ t < tl. 
E (Tx) (t) > a - pM2 - Q2 (s) M2 ds > M1. 
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Thus, TA C A. Observe that A is a bounded, closed, and convex subset of X, and for every 
xl,x2 E A and t > tl we have 
I(Txl) (t) - (Tx2) (t)l _< 
_< 
{/;  } p+ [Ql(s)+Q2(s)]ds ]IXl-X2H 
M2 - a a - pM2 - M1 
M2 + M: ÷p) I1~1 - x~ll 
This implies that 
II(Tx~) (t) - (Tx2) (t)tl < ql IIxl - ~24[, 
where II" II denotes the sup norm. In view of q~ < 1, T is a contraction mapping. Consequently, T 
has the unique fixed point, which is obviously a positive solution of (1). This completes the proof 
of Part I. 
PART II. 1 < p <_ P(t) < Po < co. By (2) and (3), we can choose tl > to sufficiently large, such 
that 
f~  pg2 - ~ (15) Q1 (s) ds <_ ~ ,  
f~  Q2 (s) ds < a - poN1 - N2 (16) 
- N2  ' 
where N1 and N2 are positive constants, such that 
N2 + poN1 < a < pN2. (17) 
Let X be the set of all continuous and bounded functions on [to, co) with the sup norm. Let 
A = {x E X : N1 _< x (t) _< N2, t > to).  
Define a mapping T : A -+ X as follows 
1 1 (t + T) 
P ( t+r~ a P ( t+T)  x 
1 
(Tx) (t) = -~ P (t + r-------) ft+r [Q1 (s) x (s - al)  - Q2 (s) x (s - (r2) ] ds, 
(Tx) (tl) , 
t >_ tl, 
to <_t_< tl. 
The next follows, as in Case I. 
PART III. -1 < p <_ P(t) < O. By (2) and (3), we can choose tl > to sufficiently large, such that 
~Q1 (s) ds < (1 + p) M4 - a (18) 
- M4 ' 
f~  ~ - M3 (19) Q2 (s) ds _< ,  
where Ms and M4 are positive constants, such that 
M3 < a < (1 + p) M4. (20) 
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Let X be the set of all continuous and bounded functions on [to, c~) with the sup norm. Let 
A= {xE X :M3 <_x(t) <_M4, t >_to}. 
Define a mapping T : A --~ X as follows 
f / a - P (t) x (t - r) + [Q1 (s) x (s - al)  - Q2 (s) x (s - a2)] ds, t >_ tl, 
(Tx) (t) 
(Tx) (tl) , to <_ t <_ tl. 
The next follows, as in Case I. 
PART IV. -oo < Po <_ P(t) _< p < -1 .  By (2) and (3), we can choose tl > to sufficiently large, 
such that 
f t~  Q2 (s) ds < ( -p - 1) N4 - a (21) 
- -  N4  ' 
f t~  Q1 (s) ds < a + (Po + 1) N3 (22) 
- -  N4  ' 
where N3 and N4 are positive constants, such that 
(-P0 - 1) N3 < a < ( -p  - 1) N4. (23) 
Let X be the set of all continuous and bounded functions on [to, c¢) with the sup norm. Let 
A= {x E X : N3 <_x(t) <_N4, t >_to}. 
Define a mapping T : A ~ X as follows 
1 1 
P( t+-~ a P(t+T)ftx+(t+T) 
1 
(Tx) (t) = -~ P (t + T--------~ ~ [Q1 (s) x (s - al) - Q2 (s) x (s - a2)] ds, t >_ tl, 
(Tx) (tl), to _< t _< tl. 
Clearly, Tx is continuous. For every x E A and t > tl, using (21), we get 
r ] (Tx) (t) <__ -~ ~ + N4 + N4 Q2 (s) as <_ g4. 
Jr1 
In view of (22), we have 
[ ] (Tx) (t) >_ _1  ~ + N3 - N4 Q1 (s) ds >_ Y3, 
p0 
Thus, TA C .4. The next follows, as in Case I. The proof of the Theorem 1 is complete. 
By a simple generalization, the proof of Theorem 1 can be used to prove Theorem 2, so we 
omit it. 
Let 
B + (t) = max {Bi (t), 0} and B~- (t) = max { -B i  (t), 0}, 
then Bi(t) = B+(t) - B~(t). Obviously, B+(t),  B~(t) e C([to, c~), R+), i = 1, 2 . . . ,  n. 
PROPOSITION. foo Bi+(s)ds < c~, and foo B~-(s)ds < oo are equivalent to fc¢ iBi(s) [ds < c~, 
i ---1,2,. . . ,n. 
From Theorem 2 and the proposition, it is easy to obtain Theorem 3, so we omit the proofs. 
REMARK. It is easy to see that the proofs of Theorems 1-3 also hold if % a~ are replaced with 
r(t), a~(t), and ai or a~(t) are not necessarily nonnegative. 
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4. ILLUSTRATIVE EXAMPLES 
In this section, four examples are given to illustrate our theorems. 
EXAMPLE 1. In (1), we take 
1 1 
Q2 (t) = - t  2 in (1/e - 1 / ( t  - a2)) '  P = 3'  
{ Q~ (t) = (1/~)t~ - t  +P l /e ( t _~- )  ~ _ ( t -~)  
By simple calculation, we have 
T > O, O"1,0" 2 __~> O, 
1} 
+ ~ - - ln (1 /e - -  1 / ( t - -  el))" 
2e 2e 1 
IQ1 (t)l < ~ + Ipl r.-----z(t  ) + ?~ = F (t). 
In view of f t~ F( t )dt  < oc, and integral of Q2(t) is on [to, co), (3) is valid. Therefore, by 
Theorem 1, (1) has nonoscillatory solutions. In fact, z(t) = - ln (1 /e  - l / t )  is a nonoscillatory 
solution of (1). 
EXAMPLE 2. In (1), we take Ql(t) = 1/3 t, Q2(t) = 1/2 t, then f tTQ l (s )ds  -- 3 - t l / ln3 ,  
f~Q2(s )ds  -- 2- t l / ln2 .  If we take T, al,0.2 satisfying (2), P(t) satisfying (11), then it is 
easy to see that conditions (2), (3), and (11) are valid. Therefore, applying Theorem 1, (1) has 
nonoscillatory solutions. 
EXAMPLE 3. In (1), we take v, 0.1,0.2 satisfying (2), P(t) - p ~ ~=1, Ql(t) = O, 
1 1 } 1 
Q2(t )= 5t-VL-7_t +Ph( t_@-  ( t _~)  l n (5 -1 / ( t -0 .2 ) ) "  
Then, it is easy to see that conditions of the Theorem 1 are valid. Therefore, (1) has nonoscillatory 
solutions. In fact, x(t) = ln(5 - 1/t) is a nonoscillatory solution of (1). 
EXAMPLE 4. In (6), we take n -- 1, Bl(t)  = (1/t2)cost, and %al ,42  satisfying (7), P(t) satisfy- 
ing (11), then it is easy to see that conditions of Theorem 3 are valid. Therefore, by Theorem 3, (6) 
has nonoscillatory solutions. 
None of the known results can be applied to the above four examples. 
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